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�РͮΧΓ˺ϫͮЬ˺ϫͮΧΗ Χ͘ �˺ϫͩ

ࡦ `ǩȣƌ Œ ɻƟʉ ȴǇ ɻǩȝɠȋƟ Œȣƌ ȴŷɻǩȴʞɻ Œˇǩȴȝɻ

ࡦ �ȣˈ ɠɫȴȴǇ Ɓȴʞȋƌ ŷƟ ǩȣࢍ ɠɫǩȣƁǩɠȋƟࢎ ʉɫŒƁƟƌ ŷŒƁȅ
ʉȴ ʉǞǩɻ ɻƟʉ ȴǇ Œˇǩȴȝɻ



�РͮΧΓ˺ϫͮЬ˺ϫͮΧΗ Χ͘ �˺ϫͩ

ࡦ `ǩȣƌ Œ ɻƟʉ ȴǇ ɻǩȝɠȋƟ Œȣƌ ȴŷɻǩȴʞɻ Œˇǩȴȝɻ

ࡦ �ȣˈ ɠɫȴȴǇ Ɓȴʞȋƌ ŷƟ ǩȣࢍ ɠɫǩȣƁǩɠȋƟࢎ ʉɫŒƁƟƌ ŷŒƁȅ
ʉȴ ʉǞǩɻ ɻƟʉ ȴǇ Œˇǩȴȝɻ

v



DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ
ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ

t



DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ
ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ

I



DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ
ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ

c



DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ

ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ
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DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ
ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ



DϺ̤Ή̭ͮࢪϡ �РͮΧΓϡ
ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ȋǩȣƟ ƁȴȣȣƟƁʉǩȣǊ ʉǞƟȝ

ࡦ �ȣˈ ȋǩȣƟ ɻƟǊȝƟȣʉ ƁŒȣ ŷƟ ƟˇʉƟȣƌƟƌ ʉȴ Œȣ
ǩȣ˨ȣǩʉƟ ȋǩȣƟ

ࡦ `ȴɫ Œȣˈ ɠŒǩɫ ȴǇ ƌǩɻʉǩȣƁʉ ɠȴǩȣʉɻࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ
ȴȣƟ ƁǩɫƁȋƟ ƁƟȣʉƟɫƟƌ Œʉ ʉǞƟ ˨ɫɻʉ Œȣƌ ʉȴʞƁǞǩȣǊ
ʉǞƟ ɻƟƁȴȣƌ

ࡦ �ȋȋ ɫǩǊǞʉ ŒȣǊȋƟɻ ŒɫƟ ƟɧʞŒȋ ʉȴ ȴȣƟ ŒȣȴʉǞƟɫ
ࡦ üǞƟࢁ ßŒɫŒȋȋƟȋ ßȴɻʉʞȋŒʉƟࢂ cǩʻƟȣ Œ ȋǩȣƟ � Œȣƌ Œ
ɠȴǩȣʉ ˀࡪ ʉǞƟɫƟ ǩɻ ƟˇŒƁʉȋˈ ȴȣƟ ȋǩȣƟ ɠŒɫŒȋȋƟȋ ʉȴ �
ʉǞŒʉ ɠŒɻɻƟɻ ʉǞɫȴʞǊǞ ˀ 0



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)
ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ
ࡦ xȣƌʞƁʉǩȴȣ



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ
ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .

ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)
ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ
ࡦ xȣƌʞƁʉǩȴȣ



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ
ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .

ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)
ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ
ࡦ xȣƌʞƁʉǩȴȣ

Next x I

There is no natural x et Next D



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ
ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)

ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ
ࡦ xȣƌʞƁʉǩȴȣ



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ
ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)
ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ

ࡦ xȣƌʞƁʉǩȴȣ



ß̺˺ΗΧ �ϘͮϫͩΓ̺ϫ̤ͮ
ࡦ ߽ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ
ࡦ ∀ˀ, ˀ = ˀ
ࡦ xǇ ˀ = ˁࡪ ʉǞƟȣ ˁ = ˀ
ࡦ xǇ ˀ = ˁ Œȣƌ ˁ = ࡪˍ ʉǞƟȣ ˀ = ˍ
ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ = ˁ ǩǇǇ Next(ˀ) = Next(ˁ)
ࡦ xǇ ˀ ǩɻ Œ ȣŒʉʞɫŒȋ ȣʞȝŷƟɫࡪ ʉǞƟȣ Next(ˀ) ǩɻ Œ
ȣŒʉʞɫŒȋ ȣʞȝŷƟɫ

ࡦ . . .
ࡦ ∀ˀ, ˁ, ˀ+ Next(ˁ) = Next(ˀ+ ˁ)
ࡦ ∀ˀ, ˁ, ˀ · Next(ˁ) = ˀ · ˁ+ ˀ
ࡦ xȣƌʞƁʉǩȴȣ



£˺ͮЖ̺ ð̺ϫ ü̺ͩΧϘС

ࡦ ðƟʉ

ࡦ �ƟȝŷƟɫɻǞǩɠ ǩȣ Œ ðƟʉ

ࡦ Dȝɠʉˈ ðƟʉ

ࡦ DɧʞŒȋǩʉˈ

Cantor Dedekind

0

A _B iff they contain same
elements



æϺϡϡ̺ΉΉࢪϡ ϑ˺Ϙ˺̭ΧР

üǞƟ ŷŒɫŷƟɫ ǩɻ ʉǞƟ ȴȣƟࢨ ʿǞȴ ɻǞŒʻƟɻ Œȋȋ ʉǞȴɻƟࡪ
Œȣƌ ʉǞȴɻƟ ȴȣȋ ࡪ̍ ʿǞȴ ƌȴ ȣȴʉ ɻǞŒʻƟ ʉǞƟȝɻƟȋʻƟɻࡱࢨ
üǞƟ ɧʞƟɻʉǩȴȣ ǩɻࡪ ƌȴƟɻ ʉǞƟ ŷŒɫŷƟɫ ɻǞŒʻƟ ǞǩȝɻƟȋǇࡲ

S set of aids that dont
contain as an element

Case 1 S contains itself as an element

S cannot contain 5 as an element

Case 2 S doesnt contain itself as an decay

S must contain 5 as an element



T S contains itself

TT S doesnt contain itself

we can prove T and T

T is tune

T OR I'm the Pope is true

is

I'm the Pope



æϺϡϡ̺ΉΉࢪϡ ϑ˺Ϙ˺̭ΧР

üǞƟ ŷŒɫŷƟɫ ǩɻ ʉǞƟ ȴȣƟࢨ ʿǞȴ ɻǞŒʻƟɻ Œȋȋ ʉǞȴɻƟࡪ
Œȣƌ ʉǞȴɻƟ ȴȣȋ ࡪ̍ ʿǞȴ ƌȴ ȣȴʉ ɻǞŒʻƟ ʉǞƟȝɻƟȋʻƟɻࡱࢨ
üǞƟ ɧʞƟɻʉǩȴȣ ǩɻࡪ ƌȴƟɻ ʉǞƟ ŷŒɫŷƟɫ ɻǞŒʻƟ ǞǩȝɻƟȋǇࡲ

5 contains all sets that dont
contain themselves as an element
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Bertrand Whitehead

objects cant contain objects of
the same

type
Took 379 pages

to prove
Itt 2

PTfasu.ws IsaWla
1 Verify formal proofs
2 Help us to pursue theorems



Ŀ`+
Zermelo Fraenkel

Gold Standanol

Set Theory
I
Integers

Tuples
KY 2X 37

Y
Graphs
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�ȣˈ ŒʉʉƟȝɠʉ ʉȴ ŒˇǩȴȝŒʉǩ˔Ɵ Œȋȋ ȴǇ ȝŒʉǞƟȝŒʉǩƁɻ ǩɻ
ǊʞŒɫŒȣʉƟƟƌ ʉȴ ǇŒǩȋ



o˺ΉϫͮΗ͞ ßϘΧ̜Ή̺Γ
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