GEMS OF TCS

CIRCUIT COMPLEXITY

Sasha Golovnev
March 18, 2021






Pys NF
Coe [ ENT por NF

dione 87(5,0,',,"' A

C,‘g c,q,;lg w.oolﬂ‘

“{qu& MWV')'L?( "11 .
NS A e
\ C - gmh;)

@/ / oot count jagn 48
N ~ - '

§'é€ QS/ L(A,:s Ctvl(',bvf"

:9(1



Circuit
X




Definition

A circuit is a directed acyclic graph of in-degree
aE rgost 2. Nodes of in-degree 0 are called
_jﬁand are marked by Boolean variables
and constants. Nodes of in-degree 1 and 2 are
called gates: gates of In-degree 1 are labeled
with NQT, gates of in-degree 2 are labeled with
AND or OR. One of the sinks is marked as
output.







BOOLEAN CIRCUITS
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BOOLEAN CIRCUITS

f:{0,1}" — {0,1}
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BOOLEAN CIRCUITS

f:{0,1}" — {0,1}

Inputs:
1 X1y, X0, 0,1
Gates:
AND, OR, NOT
Fan-out:
unbounded
Depth:
unbounded



EXPONENTIAL BOUNDS
J: #0,(3 =2 19,3

Almost all functions of n variables have circuit
size
>2"/n

That 15 Qlwg# al( }-quc\(uws 4’ P//u%
For P#ENP vewaut [FENP| #oat bas coupbil
~ P,oltj ()




EXPONENTIAL BOUNDS

Lower Bound [Sha1949]
Almost all functions of n variables have circuit
size

>2"/n

Upper Bound [Lup1958] Ffgn" —= {41}
Any function can be computed by a circuit of
size

<2"/n
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EXPLICIT BOUNDS
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Most functions have exponen-
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EXPLICIT BOUNDS

Most functions have exponen-
tlal circuit complexity

We want to prove super-
polynomial lower bounds
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EXPLICIT BOUNDS

T Most functions have exponen-
tlal circuit complexity

We want to prove super-
P #£ NP rove

polynomial lower bounds
(for a function from NP)

We can prove only ~5n lower
bounds
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# functions

CIRCUIT COMPLEXITY: h = 4

2474 funs of

plexity 3

1 2 3 4 5 6 7
Circuit Complexity



# functions

CIRCUIT COMPLEXITY: N =5
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# functions

CIRCUIT COMPLEXITY: GENERAL N
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# functions

CIRCUIT COMPLEXITY: GENERAL N

—

0 10N

poly(n) .
Circuit Complexity

B

2" /n




HIERARCHY THEOREM
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For any T < 2"/n, there Is a function

f:{0,1}" — {0,1} s.t.

Size(f) = TE/H.
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HIERARCHY THEOREM
Theorem

Forany T < 2"/n, there is a function
f:{0,1}" — {0,1} s.t.

Size(f)=T=+n.
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go(x) =0,vx € {0,1}"
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Theorem
Forany T < 2"/n, there is a function
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HIERARCHY THEOREM
Theorem

Forany T < 2"/n, there is a function
f:{0,1}" — {0,1} s.t.

Size(f)=T=+n.
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go(x) =0,vx € {0,1}" Size(h) > 2" /n
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HIERARCHY THEOREM
Theorem

Forany T < 2"/n, there is a function
f:{0,1}" — {0,1} s.t.

Size(f)=T=+n.

go(x) =0,vx € {0,1}" Size(h) > 2" /n
Size(gg) =1 h: {0,1}" — {0,1}



HIERARCHY THEOREM
Theorem

Forany T < 2"/n, there is a function
f:{0,1}" — {0,1} s.t.

Size(f)=T=+n.
22 o ;h
go(x) =0,vx € {0,1}" Size(h) > 2" /n
A
Size(gp) =1 h: {0,1}" — {0,1}
. .ye € {01}

h(y,) = h>0



HYBRID METHOD

2en0 Function

go(x) =1 never
—



HYBRID METHOD

go(x) =1 never

gi(x) =1 ifx =y,



HYBRID METHOD

go(x) =1 never
gi(x) =1 ifx =y,

G2(X) =1 1f X € {y1,V2}



HYBRID METHOD

go(X) =1 never
g2(x) =1 it x € {y1, 2}

g3(X) =1 le S {y'|7y27y3}



HYBRID METHOD

go(x) =1 never
gi1(x) =1 ifx =y,
gx(x) =1 ifx € {y1,V2}

gs3(x) =1 ifx € {y1,y2,¥3}

gr(X) =1 ifx € {yr, ..., Vr}
5“ :h - L‘J j‘ihtlo‘os




HYBRID METHOD
go(x) =1 never
g1(x) =1 1fx =y,
go(X) =1 1t x € {y1,¥>}

g3(X) =1 if x < {)/17)/273/3}

h=ge(X) =11fx € {y1,...,Vr}



HYBRID METHOD

Jo(X) =1 never

giv1(x) = gi(x) V(X = Vi)
gi(x) =1 1fx=y; ——X- —); "E

g2(X) :)\ifx € {y1, V2 }

gs(x) =1 ifx € {y1,y2,¥3}

h=gr(X)=11fx € {yr, ..., ¥k}



HYBRID METHOD

go(x) =1 never

gix1(X) = gi(X) V (X = Vip1)
gi(x) =1 ifx =y I} Siwz=tonl

giva(X) = gi(x) V (x = 101)
g(x) =11t x € {y1,y»} —

gs3(x) =1 ifx € {y1,y2,¥3}

h=ge(X) =11fx € {y1,...,Vr}



HYBRID METHOD

go(x) =1 never

giv1(X) = gi(x) V (X = Y1)
gi(x) =11t x=y;
6i1(X) = gi(x) v (x = 1011)
g(x) =11t x € {y1,y»}

9is1(X) = GV (X1 AT A X5 A Xa)

clauwse is 1>
»=lo!|

gs3(x) =1 ifx € {y1,y2,¥3}

h=ge(X) =11fx € {y1,...,Vr}



HYBRID METHOD

2eno Fuaet:on
q:zez

go(x) =1 never

gi+1(X) = gi(x) V (X = Vit)
g1(x) =1 ifx =y

gisr(X) = gi(x) vV (x =1011)
g2(x) =1 fx € {y1, 2}

gira(X) = gi(X) V (X1 AXa A X3 A Xy)

Size(gi1) < Size(g)) +{27]

—_—

g:ze(gs) < 9:ae(gg)*zi

N/
gs(x) =1 if x € {y1,V2,y3}

h=gr(X)=11fx € {yr, ..., ¥k}



HIERARCHY THEOREM
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HIERARCHY THEOREM
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HIERARCHY THEOREM
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HIERARCHY THEOREM

2"/n 4 ®
T e
Size(g;)
>§ 2N
O
1@ o >
do g1 92 Jk



HIERARCHY THEOREM

Theorem

For any T < 2"/n, there Is a function
f:{0,1}" — {0,1} s.t.

Size(f)=T=+n.
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# functions

GOAL

Find a hard function
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CIRCUIT COMPLEXITY

.- Goal: Find a hard function



CIRCUIT COMPLEXITY

.- Goal: Find a hard function

- Lower bounds: what functions are hard
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CIRCUIT COMPLEXITY

.- Goal: Find a hard function
- Lower bounds: what functions are hard

- Upper bounds: what functions are easy
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CIRCUIT UPPER BOUND. PROOF

Upper Bound [Lup1958]

Any function can be computed by a circuit of
size 2]
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CIRCUIT UPPER BOUND. PROOF

Upper Bound [Lup1958]

Any function can be computed by a circuit of
size

<10-2"
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CIRCUIT UPPER BOUND. PROOF

Upper Bound [Lup1958]

Any function can be computed by a circuit of
size

<10-2"
f(X17---,Xn) f_@z_’__——n)) ?fX1:’|
(O X27"‘ n |fX1:O
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CIRCUIT UPPER BOUND. PROOF

Upper Bound [Lup1958]
Any function can be computed by a circuit of

size P
1,X0,...,Xn), 1TX4=
fxa, ..o Xn) = i ) 1
~ f(O7X27 . 7XI’))7 |fX'] —
:(XT/\]C(17X27 7Xﬂ))\/(X1/\f(07X27-' 7Xﬂ))
W "
= (1[N G (X2, ,Xn))@@@gp‘(_xz,-- ,Xn))
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CIRCUIT UPPER BOUND. PROOF

Upper Bound [Lup1958]
Any function can be computed by a circuit of

Size
§!10-2”'
1 T
f(X17---,Xn) — f( ) X2 7XI’))7 | X1
]c(oy)<2,...7)<n)7 |fX'] :O

= (X1 Af(1, %0, X)) V (R AF(0, X0, ., X))

= (0 A Gi(Xa, -, Xn)) V(KB Go(Xa. - Xn))
Size(n)' 4+ 2Size(n — 1) 5 O(2")
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CIRCUIT LOWER BOUND. PROOF

Lower Bound [Sha1949]
Almost all functions of n variables have circult

size
127/00m )




Lower Bound [Sha1949]
Almost all functions of n variables have circuit

> 2"/(10n)
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