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∑
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Pr[߾�] = ;ࠃ/߾ Pr[߿�] = ;ࠃ/߾ Pr[߾� ∩ [߿� = ࠃࠀ/߾
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both
happen
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Pr[߾�] = ;ࠃ/߾ Pr[߿�] = ;ࠃࠀ/߾ Pr[߾� ∩ [߿� = ࠃࠀ/߾

PREAMAIF PpEA p y



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R
ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ
ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ
ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = ࠂ.ࠀ



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R

ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ
ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ
ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = ࠂ.ࠀ

D



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R
ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ

ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ
ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = ࠂ.ࠀ

Zeros

r 000 001 010,011 100 101 I 10 111

3 2 2 7 2 7 1 0



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R
ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ
ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ
ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = ࠂ.ࠀ

O O



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R
ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ
ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ

ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = ࠂ.ࠀ

r

X C Ex Xin



æ˺Η̭ΧΓ Ĩ˺Ϙͮ˺̜Ή̺
ࡦ æƟɻʞȋʉ ȴǇ ƟˇɠƟɫǩȝƟȣʉ ǩɻ ȴǇʉƟȣ ȣȴʉ ƟʻƟȣʉ ŷʞʉ
ȣʞȝŷƟɫ

ࡦ æŒȣƌȴȝ ʻŒɫǩŒŷȋƟ ĩ : Ω → R
ࡦ üȴɻɻ ʉǞɫƟƟ Ɓȴǩȣɻࡪ ĩ = ȣʞȝŷƟɫ ȴǇ ǞƟŒƌɻ
ࡦ üǞɫȴʿ ʉʿȴ ƌǩƁƟࡩ
Ī = ɻʞȝ ȴǇ ȣʞȝŷƟɫɻ, Ķ = max ȴǇ ȣʞȝŷƟɫɻ

ࡦ DˇɠƟƁʉƟƌ ʻŒȋʞƟ E[ĩ] =
∑

Ǧ Pr[ˀǦ] · ˀǦ
ࡦ üǞɫȴʿ Œ ƌǩƟࡪ ĩ = ʉǞƟ ȣʞȝŷƟɫ ˈȴʞࢪɫƟ ǊƟʉʉǩȣǊ

E[ĩ] = ߾
ࠃ · +߾ ߾

ࠃ · +߿ . . .+
߾
ࠃ · ࠃ = Oࠂ.ࠀ

Prix



+ȋȴʞƌ ðˈȣƁ



+ΉΧϺ̭ ðСΗ̤

ࡦ ðˈȣƁǞɫȴȣǩ˔Ɵ ȋȴƁŒȋ ˨ȋƟɻ ʉȴ ʉǞƟ Ɓȋȴʞƌ

ࡦ oŒɻ ˨ȋƟ ŷƟƟȣ ƁǞŒȣǊƟƌࡲ `ǩȋƟ ȋƟȣǊʉǞࡩ Ƞ ŷǩʉɻ

ࡦ �ȋǊȴɫǩʉǞȝࡩ ɻƟȣƌ Ƞ ŷǩʉɻ

ࡦ +Œȣ ɻƟȣƌ Ƞ− ߾ ŷǩʉɻࡲ



+ΉΧϺ̭ ðСΗ̤

ࡦ ðˈȣƁǞɫȴȣǩ˔Ɵ ȋȴƁŒȋ ˨ȋƟɻ ʉȴ ʉǞƟ Ɓȋȴʞƌ

ࡦ oŒɻ ˨ȋƟ ŷƟƟȣ ƁǞŒȣǊƟƌࡲ `ǩȋƟ ȋƟȣǊʉǞࡩ Ƞ ŷǩʉɻ

ࡦ �ȋǊȴɫǩʉǞȝࡩ ɻƟȣƌ Ƞ ŷǩʉɻ

ࡦ +Œȣ ɻƟȣƌ Ƞ− ߾ ŷǩʉɻࡲ



+ΉΧϺ̭ ðСΗ̤

ࡦ ðˈȣƁǞɫȴȣǩ˔Ɵ ȋȴƁŒȋ ˨ȋƟɻ ʉȴ ʉǞƟ Ɓȋȴʞƌ

ࡦ oŒɻ ˨ȋƟ ŷƟƟȣ ƁǞŒȣǊƟƌࡲ `ǩȋƟ ȋƟȣǊʉǞࡩ Ƞ ŷǩʉɻ

ࡦ �ȋǊȴɫǩʉǞȝࡩ ɻƟȣƌ Ƞ ŷǩʉɻ

ࡦ +Œȣ ɻƟȣƌ Ƞ− ߾ ŷǩʉɻࡲ



+ΉΧϺ̭ ðСΗ̤

ࡦ ðˈȣƁǞɫȴȣǩ˔Ɵ ȋȴƁŒȋ ˨ȋƟɻ ʉȴ ʉǞƟ Ɓȋȴʞƌ

ࡦ oŒɻ ˨ȋƟ ŷƟƟȣ ƁǞŒȣǊƟƌࡲ `ǩȋƟ ȋƟȣǊʉǞࡩ Ƞ ŷǩʉɻ

ࡦ �ȋǊȴɫǩʉǞȝࡩ ɻƟȣƌ Ƞ ŷǩʉɻ

ࡦ +Œȣ ɻƟȣƌ Ƞ− ߾ ŷǩʉɻࡲ



+ΉΧϺ̭ ðСΗ̤ࡱ �ΧЙ̺Ϙ #ΧϺΗ̭

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽߽

£ȴ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ ŷˈ ɻƟȣƌǩȣǊ
Ƞ− ߾ ŷǩʉɻ

æŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ
ŷˈ ɻƟȣƌǩȣǊ ≈ log Ƞ ŷǩʉɻ

n bits



+ΉΧϺ̭ ðСΗ̤ࡱ �ΧЙ̺Ϙ #ΧϺΗ̭

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߾߽ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽߽

£ȴ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ ŷˈ ɻƟȣƌǩȣǊ
Ƞ− ߾ ŷǩʉɻ

æŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ
ŷˈ ɻƟȣƌǩȣǊ ≈ log Ƞ ŷǩʉɻ



+ΉΧϺ̭ ðСΗ̤ࡱ �ΧЙ̺Ϙ #ΧϺΗ̭

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߾߽ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽߽߽

£ȴ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ ŷˈ ɻƟȣƌǩȣǊ
Ƞ− ߾ ŷǩʉɻ

æŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ
ŷˈ ɻƟȣƌǩȣǊ ≈ log Ƞ ŷǩʉɻ

changed this bit

to



+ΉΧϺ̭ ðСΗ̤ࡱ �ΧЙ̺Ϙ #ΧϺΗ̭

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߾߽ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽߽߽

£ȴ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ ŷˈ ɻƟȣƌǩȣǊ
Ƞ− ߾ ŷǩʉɻ

æŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ
ŷˈ ɻƟȣƌǩȣǊ ≈ log Ƞ ŷǩʉɻ

deterministic non randomized



+ΉΧϺ̭ ðСΗ̤ࡱ �ΧЙ̺Ϙ #ΧϺΗ̭

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߾߽ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽߽߽

£ȴ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ ŷˈ ɻƟȣƌǩȣǊ
Ƞ− ߾ ŷǩʉɻ

æŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝ ƁŒȣ ɻȴȋʻƟ ʉǞƟ ɠɫȴŷȋƟȝ
ŷˈ ɻƟȣƌǩȣǊ ≈ log Ƞ ŷǩʉɻ

h legn



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽

I
n bits

n bits 4



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Œ ∈ {߽, . . . , Ƞ߿ − {߾

Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Œ ∈ {߽, . . . , Ƞ߿ − {߾

Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽

Ŷ ∈ {߽, . . . , Ƞ߿ − {߾



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Œ ∈ {߽, . . . , Ƞ߿ − {߾
ßǩƁȅ ɫŒȣƌȴȝ
ɠɫǩȝƟ ɛ ∈
,߿} ,ࠀ . . . , ߿Ƞ߽߽߾ log Ƞࢀ

Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽

Ŷ ∈ {߽, . . . , Ƞ߿ − {߾



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Œ ∈ {߽, . . . , Ƞ߿ − {߾
ßǩƁȅ ɫŒȣƌȴȝ
ɠɫǩȝƟ ɛ ∈
,߿} ,ࠀ . . . , ߿Ƞ߽߽߾ log Ƞࢀ

Œ mod ɛ

Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽

Ŷ ∈ {߽, . . . , Ƞ߿ − {߾



æ˺Η̭ΧΓͮЬ̺̭ �Ή͞ΧϘͮϫͩΓ
ȋȴƁŒȋ ˨ȋƟ

߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽ ߽

Œ ∈ {߽, . . . , Ƞ߿ − {߾
ßǩƁȅ ɫŒȣƌȴȝ
ɠɫǩȝƟ ɛ ∈
,߿} ,ࠀ . . . , ߿Ƞ߽߽߾ log Ƞࢀ

Œ mod ɛ
Dä ǩǇǇ
Œ = Ŷ mod ɛ

Ɓȋȴʞƌ ˨ȋƟ

߾ ߾ ߾ ߾ ߾ ߽߾ ߽ ߽ ߽

Ŷ ∈ {߽, . . . , Ƞ߿ − {߾

d p 13 o 00h'S bits heyCloonelagn
1agioo 2cagn longleaf



�Η˺ΉСϡͮϡ

ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

a D t.ve want server to say a ba1w
always

a fb we want semen to say a _b almost
never

a b f p a _b unadp

Files are same server says a b



�Η˺ΉСϡͮϡ

ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ



�Η˺ΉСϡͮϡ

ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ

ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ



�Η˺ΉСϡͮϡ

ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ

Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

b mad p
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ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ

= ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ



�Η˺ΉСϡͮϡ

ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ

≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

pizz
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ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

Ken

a b wool p a b is a multiple of p

but thene ane e n p at ca b is a multiple of p
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ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

Iv
PE 213 loonelegn

N

N loonlegn the of primes 2 too ne

only n out of 100m will lead to error

Preernor Yet o
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ࡦ xǇ Œ = Ŷࡪ ʉǞƟȣ Ǉȴɫ ƟʻƟɫˈ ɛࡪ Œ = Ŷ mod ɛࡱ īƟ
ŒȋʿŒˈɻ ȴʞʉɠʞʉ BÝ

ࡦ xǇ Œ ̸= Ŷࡪ Ǟȴʿ ȴǇʉƟȣ ƌȴ ʿƟ ȴʞʉɠʞʉ BÝࡲ
ࡦ Œ− Ŷ = ߽ mod ɛࡱ
Ƞ߿ ≥ Œ− Ŷ = ɛ߾ · ɛ߿ · · ·ɛȂ ≥ Ȃ߿

ࡦ ßɫǩȝƟ £ʞȝŷƟɫ üǞƟȴɫƟȝࡩ ʉǞƟɫƟ ŒɫƟ ≈  / log Ƞ
ɠɫǩȝƟ ȣʞȝŷƟɫɻ ǩȣ ʉǞƟ ǩȣʉƟɫʻŒȋ ,߿} ,ࠀ . . . , }

ࡦ īǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ≈ −߾ ߾
߿Ƞ߽߽߾ ʉǞƟ ȴʞʉɠʞʉ ǩɻ

ƁȴɫɫƟƁʉ

N



�ͮΗ̺˺ϘͮϫС Χ͘ DРϑ̺̤ϫ˺ϫͮΧΗ
E[ĩ+ Ī]?

E[ĩ+ Ī] =
∑

Ǧ
Ǧ, ǺPr[ĩ = ˀǦ ∩ Ī = ˁǺ] · (ˀǦ + ˁǺ)

=
∑

Ǧ
ˀǦ
∑

Ǻ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

+
∑

Ǻ
ˁǺ
∑

Ǧ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

=
∑

Ǧ
ˀǦ Pr[ĩ = ˀǦ] +

∑

Ǻ
ˁǺ
∑

Ǧ
Pr[Ī = ˁǺ]

= E[ĩ] + E[Ī]

R
It
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E[ĩ+ Ī]?

E[ĩ+ Ī] =
∑

Ǧ
Ǧ, ǺPr[ĩ = ˀǦ ∩ Ī = ˁǺ] · (ˀǦ + ˁǺ)

=
∑

Ǧ
ˀǦ
∑

Ǻ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

+
∑

Ǻ
ˁǺ
∑

Ǧ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

=
∑

Ǧ
ˀǦ Pr[ĩ = ˀǦ] +

∑

Ǻ
ˁǺ
∑

Ǧ
Pr[Ī = ˁǺ]

= E[ĩ] + E[Ī]

sq
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E[ĩ+ Ī]?

E[ĩ+ Ī] =
∑

Ǧ
Ǧ, ǺPr[ĩ = ˀǦ ∩ Ī = ˁǺ] · (ˀǦ + ˁǺ)

=
∑

Ǧ
ˀǦ
∑

Ǻ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

+
∑

Ǻ
ˁǺ
∑

Ǧ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

=
∑

Ǧ
ˀǦ Pr[ĩ = ˀǦ] +

∑

Ǻ
ˁǺ
∑

Ǧ
Pr[Ī = ˁǺ]

= E[ĩ] + E[Ī]

1 EX I

PREY y I
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E[ĩ+ Ī]?

E[ĩ+ Ī] =
∑

Ǧ
Ǧ, ǺPr[ĩ = ˀǦ ∩ Ī = ˁǺ] · (ˀǦ + ˁǺ)

=
∑

Ǧ
ˀǦ
∑

Ǻ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

+
∑

Ǻ
ˁǺ
∑

Ǧ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

=
∑

Ǧ
ˀǦ Pr[ĩ = ˀǦ] +

∑

Ǻ
ˁǺ
∑

Ǧ
Pr[Ī = ˁǺ]

= E[ĩ] + E[Ī]

x
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E[ĩ+ Ī]?

E[ĩ+ Ī] =
∑

Ǧ
Ǧ, ǺPr[ĩ = ˀǦ ∩ Ī = ˁǺ] · (ˀǦ + ˁǺ)

=
∑

Ǧ
ˀǦ
∑

Ǻ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

+
∑

Ǻ
ˁǺ
∑

Ǧ
Pr[ĩ = ˀǦ ∩ Ī = ˁǺ]

=
∑

Ǧ
ˀǦ Pr[ĩ = ˀǦ] +

∑

Ǻ
ˁǺ
∑

Ǧ
Pr[Ī = ˁǺ]

= E[ĩ] + E[Ī]
or



�ͮΗ̺˺ϘͮϫС Χ͘ DРϑ̺̤ϫ˺ϫͮΧΗ

ࡦ ´ȣƟ ƌǩƟࡩ E[ĩ] = ࠂ.ࠀ

ࡦ `ǩʻƟ ƌǩƁƟࡲ E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࡲ[ࠂ

ࡦ #ˈ ȋǩȣƟŒɫǩʉˈ ȴǇ ƟˇɠƟƁʉŒʉǩȴȣࡩ

E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࠂ]
= E[ĩ߾] + E[ĩ߿] + E[ĩࠀ] + E[ĩࠁ] + E[ĩࠂ]
= ࠂ · ࠂ.ࠀ = ࠂ.ࠄ߾



�ͮΗ̺˺ϘͮϫС Χ͘ DРϑ̺̤ϫ˺ϫͮΧΗ

ࡦ ´ȣƟ ƌǩƟࡩ E[ĩ] = ࠂ.ࠀ

ࡦ `ǩʻƟ ƌǩƁƟࡲ E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࡲ[ࠂ

ࡦ #ˈ ȋǩȣƟŒɫǩʉˈ ȴǇ ƟˇɠƟƁʉŒʉǩȴȣࡩ

E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࠂ]
= E[ĩ߾] + E[ĩ߿] + E[ĩࠀ] + E[ĩࠁ] + E[ĩࠂ]
= ࠂ · ࠂ.ࠀ = ࠂ.ࠄ߾

17117
97772
man 3



�ͮΗ̺˺ϘͮϫС Χ͘ DРϑ̺̤ϫ˺ϫͮΧΗ

ࡦ ´ȣƟ ƌǩƟࡩ E[ĩ] = ࠂ.ࠀ

ࡦ `ǩʻƟ ƌǩƁƟࡲ E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࡲ[ࠂ

ࡦ #ˈ ȋǩȣƟŒɫǩʉˈ ȴǇ ƟˇɠƟƁʉŒʉǩȴȣࡩ

E[ĩ߾ + ĩ߿ + ĩࠀ + ĩࠁ + ĩࠂ]
= E[ĩ߾] + E[ĩ߿] + E[ĩࠀ] + E[ĩࠁ] + E[ĩࠂ]
= ࠂ · ࠂ.ࠀ = ࠂ.ࠄ߾



#Ϙ̺˺΄

ࡦ �ȋǩƁƟ Œȣƌ #ȴŷ ǞŒʻƟ ࢎʞȣʞɻʞŒȋࢍ ƌǩƁƟ

ࡦ £ʞȝŷƟɫɻ ȴȣ �ȋǩƁƟࢪɻ ƌǩƟ ŒɫƟ ࡪ߿ ࡪ߿ ࡪ߿ ࡪ߿ ࡪࠀ ࠀ

ࡦ £ʞȝŷƟɫɻ ȴȣ #ȴŷࢪɻ ƌǩƟ ŒɫƟ ࡪ߾ ࡪ߾ ࡪ߾ ࡪ߾ ࡪࠃ ࠃ

ࡦ �ȋǩƁƟ Œȣƌ #ȴŷ ʉǞɫȴʿ ʉǞƟǩɫ ƌǩƁƟࡶ ʉǞƟ ȴȣƟ ʿǩʉǞ
ʉǞƟ ȋŒɫǊƟɫ ȣʞȝŷƟɫ ȴȣ ʉǞƟ ƌǩƟ ʿǩȣɻ

ࡦ īǞȴɻƟ ƌǩƟ ǞŒɻ ȋŒɫǊƟɫ ƟˇɠƟƁʉƟƌ ȣʞȝŷƟɫࡲ

ࡦ īǞȴ ʿǩȣɻ ʿǩʉǞ ǞǩǊǞƟɫ ɠɫȴŷŒŷǩȋǩʉˈࡲ
Bob

Alice



�Œˇǩȝʞȝ +ʞʉ ࢎċü+࢙ˇ�Œࢍ



�˺РͮΓϺΓ +Ϻϫ

ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ



�˺РͮΓϺΓ +Ϻϫ

ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ

a
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ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ

00
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ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ



�˺РͮΓϺΓ +Ϻϫ

ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ



�˺РͮΓϺΓ +Ϻϫ

ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ



�˺РͮΓϺΓ +Ϻϫ

ࡦ ċȣƌǩɫƟƁʉƟƌ ǊɫŒɠǞ aࡪ ʻƟɫʉǩƁƟɻ ğࡪ ƟƌǊƟɻ B

ࡦ #ǩɠŒɫʉǩʉǩȴȣ ȴǇ ğ ʉǞŒʉ ȝŒˇǩȝǩ˔Ɵɻ ʉǞƟ ȣʞȝŷƟɫ ȴǇ
ƟƌǊƟɻ ƁɫȴɻɻǩȣǊ ʉǞƟ ɠŒɫʉǩʉǩȴȣ

ࡦ #ǩɠŒɫʉǩʉǩȴȣࡩ è ⊆ ğࡪ è ⊆ ğ

ࡦ +ʞʉ δ(è) = {(ʗ, ʴ) ∈ B : ʗ ∈ è, ʴ ∈ è}

ࡦ �Œˇ࢙+ċüࡩ maxè⊆ğ δ(è)

ࡦ £ß࢙ǞŒɫƌ ʉȴ ɻȴȋʻƟ ƟˇŒƁʉȋˈ



æ˺Η̭ΧΓͮЬ̺̭ �ϑϑϘΧРͮΓ˺ϫͮΧΗ

ࡦ ´ʞʉɠʞʉ Œ ɫŒȣƌȴȝ ɻʞŷɻƟʉ è ⊆ ğ

ࡦ xȣ ȴʉǞƟɫ ʿȴɫƌɻࡪ Œƌƌ ƟŒƁǞ ʻƟɫʉƟˇ ʴ ǩȣ è
ǩȣƌƟɠƟȣƌƟȣʉȋˈ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾

ࡦ DŒƁǞ ƟƌǊƟ (ʗ, ʴ) ǩɻ Ɓʞʉ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾



æ˺Η̭ΧΓͮЬ̺̭ �ϑϑϘΧРͮΓ˺ϫͮΧΗ

ࡦ ´ʞʉɠʞʉ Œ ɫŒȣƌȴȝ ɻʞŷɻƟʉ è ⊆ ğ

ࡦ xȣ ȴʉǞƟɫ ʿȴɫƌɻࡪ Œƌƌ ƟŒƁǞ ʻƟɫʉƟˇ ʴ ǩȣ è
ǩȣƌƟɠƟȣƌƟȣʉȋˈ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾

ࡦ DŒƁǞ ƟƌǊƟ (ʗ, ʴ) ǩɻ Ɓʞʉ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾



æ˺Η̭ΧΓͮЬ̺̭ �ϑϑϘΧРͮΓ˺ϫͮΧΗ

ࡦ ´ʞʉɠʞʉ Œ ɫŒȣƌȴȝ ɻʞŷɻƟʉ è ⊆ ğ

ࡦ xȣ ȴʉǞƟɫ ʿȴɫƌɻࡪ Œƌƌ ƟŒƁǞ ʻƟɫʉƟˇ ʴ ǩȣ è
ǩȣƌƟɠƟȣƌƟȣʉȋˈ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾

ࡦ DŒƁǞ ƟƌǊƟ (ʗ, ʴ) ǩɻ Ɓʞʉ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾



�Η˺ΉСϡͮϡ
ࡦ ĩʗ,ʴ = ߾ ǩǇ (ʗ, ʴ) ǩɻ Ɓʞʉࡪ ĩʗ,ʴ = ߽ ȴʉǞƟɫʿǩɻƟ

ࡦ ĩʗ,ʴ = ߾ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾
ࡦ E[ĩʗ,ʴ] = ߿/߾
ࡦ £ʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

∑

(ʗ,ʴ)∈B
ĩʗ,ʴ

ࡦ DˇɠƟƁʉƟƌ ȣʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

E[
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ] =

∑

(ʗ,ʴ)∈B
E[ĩʗ,ʴ] = |B|/߿



�Η˺ΉСϡͮϡ
ࡦ ĩʗ,ʴ = ߾ ǩǇ (ʗ, ʴ) ǩɻ Ɓʞʉࡪ ĩʗ,ʴ = ߽ ȴʉǞƟɫʿǩɻƟ
ࡦ ĩʗ,ʴ = ߾ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾

ࡦ E[ĩʗ,ʴ] = ߿/߾
ࡦ £ʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

∑

(ʗ,ʴ)∈B
ĩʗ,ʴ

ࡦ DˇɠƟƁʉƟƌ ȣʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

E[
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ] =

∑

(ʗ,ʴ)∈B
E[ĩʗ,ʴ] = |B|/߿



�Η˺ΉСϡͮϡ
ࡦ ĩʗ,ʴ = ߾ ǩǇ (ʗ, ʴ) ǩɻ Ɓʞʉࡪ ĩʗ,ʴ = ߽ ȴʉǞƟɫʿǩɻƟ
ࡦ ĩʗ,ʴ = ߾ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾
ࡦ E[ĩʗ,ʴ] = ߿/߾

ࡦ £ʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ

ࡦ DˇɠƟƁʉƟƌ ȣʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

E[
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ] =

∑

(ʗ,ʴ)∈B
E[ĩʗ,ʴ] = |B|/߿



�Η˺ΉСϡͮϡ
ࡦ ĩʗ,ʴ = ߾ ǩǇ (ʗ, ʴ) ǩɻ Ɓʞʉࡪ ĩʗ,ʴ = ߽ ȴʉǞƟɫʿǩɻƟ
ࡦ ĩʗ,ʴ = ߾ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾
ࡦ E[ĩʗ,ʴ] = ߿/߾
ࡦ £ʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

∑

(ʗ,ʴ)∈B
ĩʗ,ʴ

ࡦ DˇɠƟƁʉƟƌ ȣʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

E[
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ] =

∑

(ʗ,ʴ)∈B
E[ĩʗ,ʴ] = |B|/߿



�Η˺ΉСϡͮϡ
ࡦ ĩʗ,ʴ = ߾ ǩǇ (ʗ, ʴ) ǩɻ Ɓʞʉࡪ ĩʗ,ʴ = ߽ ȴʉǞƟɫʿǩɻƟ
ࡦ ĩʗ,ʴ = ߾ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߿/߾
ࡦ E[ĩʗ,ʴ] = ߿/߾
ࡦ £ʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

∑

(ʗ,ʴ)∈B
ĩʗ,ʴ

ࡦ DˇɠƟƁʉƟƌ ȣʞȝŷƟɫ ȴǇ Ɓʞʉ ƟƌǊƟɻ

E[
∑

(ʗ,ʴ)∈B
ĩʗ,ʴ] =

∑

(ʗ,ʴ)∈B
E[ĩʗ,ʴ] = |B|/߿



ϑϑϘΧРͮΓ˺ϫͮΧΗ˺࢙߿

ࡦ �Œˇ࢙+ċüࡩ OPT ≤ |B|

ࡦ ´ʞɫ ŒȋǊȴɫǩʉǞȝࡩ E[δ(è)] ≥ |B|/߿

ࡦ E[δ(è)] ≥ OPT ߿/

ࡦ +Œȣ ʿƟ ǞŒʻƟ ŒȋǊȴɫǩʉǞȝ ʉǞŒʉ ŒȋʿŒˈɻ ȴʞʉɠʞʉɻ
δ(è) ≥ OPT ࡲ߿/



ϑϑϘΧРͮΓ˺ϫͮΧΗ˺࢙߿

ࡦ �Œˇ࢙+ċüࡩ OPT ≤ |B|

ࡦ ´ʞɫ ŒȋǊȴɫǩʉǞȝࡩ E[δ(è)] ≥ |B|/߿

ࡦ E[δ(è)] ≥ OPT ߿/

ࡦ +Œȣ ʿƟ ǞŒʻƟ ŒȋǊȴɫǩʉǞȝ ʉǞŒʉ ŒȋʿŒˈɻ ȴʞʉɠʞʉɻ
δ(è) ≥ OPT ࡲ߿/



ϑϑϘΧРͮΓ˺ϫͮΧΗ˺࢙߿

ࡦ �Œˇ࢙+ċüࡩ OPT ≤ |B|

ࡦ ´ʞɫ ŒȋǊȴɫǩʉǞȝࡩ E[δ(è)] ≥ |B|/߿

ࡦ E[δ(è)] ≥ OPT ߿/

ࡦ +Œȣ ʿƟ ǞŒʻƟ ŒȋǊȴɫǩʉǞȝ ʉǞŒʉ ŒȋʿŒˈɻ ȴʞʉɠʞʉɻ
δ(è) ≥ OPT ࡲ߿/



ϑϑϘΧРͮΓ˺ϫͮΧΗ˺࢙߿

ࡦ �Œˇ࢙+ċüࡩ OPT ≤ |B|

ࡦ ´ʞɫ ŒȋǊȴɫǩʉǞȝࡩ E[δ(è)] ≥ |B|/߿

ࡦ E[δ(è)] ≥ OPT ߿/

ࡦ +Œȣ ʿƟ ǞŒʻƟ ŒȋǊȴɫǩʉǞȝ ʉǞŒʉ ŒȋʿŒˈɻ ȴʞʉɠʞʉɻ
δ(è) ≥ OPT ࡲ߿/



�˺Ϙ΄ΧЖࢪϡ ͮΗ̺ϖϺ˺ΉͮϫС
üǞƟȴɫƟȝ
uǅ ĩ Ǧɵ ȠȰȠȠƝǈŒʂǦʴƝ ɥŒȠƊȰȚ ʴŒɥǦŒŶȈƝࡪࡥ ʂǛƝȠ

Pr[ĩ ≥ Œ] ≤ E[ĩ]
Œ .

DˇŒȝɠȋƟɻࡩ
Pr[ĩ ≥ [E[ĩ]߿ ≤ ߾

߿ .

Pr[ĩ ≥ [E[ĩ]ࠂ ≤ ߾
ࠂ .



�˺Ϙ΄ΧЖࢪϡ ͮΗ̺ϖϺ˺ΉͮϫС
üǞƟȴɫƟȝ
uǅ ĩ Ǧɵ ȠȰȠȠƝǈŒʂǦʴƝ ɥŒȠƊȰȚ ʴŒɥǦŒŶȈƝࡪࡥ ʂǛƝȠ

Pr[ĩ ≥ Œ] ≤ E[ĩ]
Œ .

DˇŒȝɠȋƟɻࡩ
Pr[ĩ ≥ [E[ĩ]߿ ≤ ߾

߿ .

Pr[ĩ ≥ [E[ĩ]ࠂ ≤ ߾
ࠂ .



�˺Ϙ΄ΧЖࢪϡ ͮΗ̺ϖϺ˺ΉͮϫС
üǞƟȴɫƟȝ
uǅ ĩ Ǧɵ ȠȰȠȠƝǈŒʂǦʴƝ ɥŒȠƊȰȚ ʴŒɥǦŒŶȈƝࡪࡥ ʂǛƝȠ

Pr[ĩ ≥ Œ] ≤ E[ĩ]
Œ .

DˇŒȝɠȋƟɻࡩ
Pr[ĩ ≥ [E[ĩ]߿ ≤ ߾

߿ .

Pr[ĩ ≥ [E[ĩ]ࠂ ≤ ߾
ࠂ .



�Χϫϫ̺ϘС #Ϻ̭̺͞ϫ
ßɫȴŷȋƟȝ
� ȋȴʉʉƟɫˈ ʉǩƁȅƟʉ Ɓȴɻʉɻ ߽߾ ƌȴȋȋŒɫɻࡱ � ऻ߽ࠁ ȴǇ Œ ȋȴʉʉƟɫˈ
ŷʞƌǊƟʉ ǊȴƟɻ ʉȴ ɠɫǩ˔Ɵɻࡱ ðǞȴʿ ʉǞŒʉ ʉǞƟ ƁǞŒȣƁƟɻ ʉȴ ʿǩȣ
߽߽ࠂ ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ŒɫƟ ȋƟɻɻ ʉǞŒȣ ऻ߾

ࡦ �ɻɻʞȝƟ ʉǞƟ ƁȴȣʉɫŒɫˈࡩ ʉǞƟ ɠɫȴŷŒŷǩȋǩʉˈ ʉȴ ʿǩȣ ߽߽ࠂ
ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ǩɻ Œʉ ȋƟŒɻʉ ߾߽ࡱ߽

ࡦ 5ƟȣȴʉƟ ʉǞƟ ȣʞȝŷƟɫ ȴǇ ʉǩƁȅƟʉɻ ɻȴȋƌ ŷˈ Ƞ

ࡦ üǞƟȣ ʉǞƟ ŷʞƌǊƟʉ ȴǇ ʉǞƟ ȋȴʉʉƟɫˈ ǩɻ Ƞ߽߾ ƌȴȋȋŒɫɻ

ࡦ ×Ƞ߽߾ ࠁ.߽ = Ƞࠁ ƌȴȋȋŒɫɻ ŒɫƟ ɻɠƟȣʉ ȴȣ ʉǞƟ ɠɫǩ˔Ɵɻ

ࡦ #ˈ ȴʞɫ Œɻɻʞȝɠʉǩȴȣ Œʉ ȋƟŒɻʉ Ƞ
߽߽߾ ʉǩƁȅƟʉɻ ʿǩȣ Œʉ

ȋƟŒɻʉ ߽߽ࠂ ƌȴȋȋŒɫɻ



�Χϫϫ̺ϘС #Ϻ̭̺͞ϫ
ßɫȴŷȋƟȝ
� ȋȴʉʉƟɫˈ ʉǩƁȅƟʉ Ɓȴɻʉɻ ߽߾ ƌȴȋȋŒɫɻࡱ � ऻ߽ࠁ ȴǇ Œ ȋȴʉʉƟɫˈ
ŷʞƌǊƟʉ ǊȴƟɻ ʉȴ ɠɫǩ˔Ɵɻࡱ ðǞȴʿ ʉǞŒʉ ʉǞƟ ƁǞŒȣƁƟɻ ʉȴ ʿǩȣ
߽߽ࠂ ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ŒɫƟ ȋƟɻɻ ʉǞŒȣ ऻ߾

ࡦ �ɻɻʞȝƟ ʉǞƟ ƁȴȣʉɫŒɫˈࡩ ʉǞƟ ɠɫȴŷŒŷǩȋǩʉˈ ʉȴ ʿǩȣ ߽߽ࠂ
ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ǩɻ Œʉ ȋƟŒɻʉ ߾߽ࡱ߽

ࡦ 5ƟȣȴʉƟ ʉǞƟ ȣʞȝŷƟɫ ȴǇ ʉǩƁȅƟʉɻ ɻȴȋƌ ŷˈ Ƞ

ࡦ üǞƟȣ ʉǞƟ ŷʞƌǊƟʉ ȴǇ ʉǞƟ ȋȴʉʉƟɫˈ ǩɻ Ƞ߽߾ ƌȴȋȋŒɫɻ

ࡦ ×Ƞ߽߾ ࠁ.߽ = Ƞࠁ ƌȴȋȋŒɫɻ ŒɫƟ ɻɠƟȣʉ ȴȣ ʉǞƟ ɠɫǩ˔Ɵɻ

ࡦ #ˈ ȴʞɫ Œɻɻʞȝɠʉǩȴȣ Œʉ ȋƟŒɻʉ Ƞ
߽߽߾ ʉǩƁȅƟʉɻ ʿǩȣ Œʉ

ȋƟŒɻʉ ߽߽ࠂ ƌȴȋȋŒɫɻ



�Χϫϫ̺ϘС #Ϻ̭̺͞ϫ
ßɫȴŷȋƟȝ
� ȋȴʉʉƟɫˈ ʉǩƁȅƟʉ Ɓȴɻʉɻ ߽߾ ƌȴȋȋŒɫɻࡱ � ऻ߽ࠁ ȴǇ Œ ȋȴʉʉƟɫˈ
ŷʞƌǊƟʉ ǊȴƟɻ ʉȴ ɠɫǩ˔Ɵɻࡱ ðǞȴʿ ʉǞŒʉ ʉǞƟ ƁǞŒȣƁƟɻ ʉȴ ʿǩȣ
߽߽ࠂ ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ŒɫƟ ȋƟɻɻ ʉǞŒȣ ऻ߾

ࡦ �ɻɻʞȝƟ ʉǞƟ ƁȴȣʉɫŒɫˈࡩ ʉǞƟ ɠɫȴŷŒŷǩȋǩʉˈ ʉȴ ʿǩȣ ߽߽ࠂ
ƌȴȋȋŒɫɻ ȴɫ ȝȴɫƟ ǩɻ Œʉ ȋƟŒɻʉ ߾߽ࡱ߽

ࡦ 5ƟȣȴʉƟ ʉǞƟ ȣʞȝŷƟɫ ȴǇ ʉǩƁȅƟʉɻ ɻȴȋƌ ŷˈ Ƞ

ࡦ üǞƟȣ ʉǞƟ ŷʞƌǊƟʉ ȴǇ ʉǞƟ ȋȴʉʉƟɫˈ ǩɻ Ƞ߽߾ ƌȴȋȋŒɫɻ

ࡦ ×Ƞ߽߾ ࠁ.߽ = Ƞࠁ ƌȴȋȋŒɫɻ ŒɫƟ ɻɠƟȣʉ ȴȣ ʉǞƟ ɠɫǩ˔Ɵɻ

ࡦ #ˈ ȴʞɫ Œɻɻʞȝɠʉǩȴȣ Œʉ ȋƟŒɻʉ Ƞ
߽߽߾ ʉǩƁȅƟʉɻ ʿǩȣ Œʉ

ȋƟŒɻʉ ߽߽ࠂ ƌȴȋȋŒɫɻ



�Χϫϫ̺ϘС #Ϻ̭̺͞ϫ
ßɫȴŷȋƟȝ
� ȋȴʉʉƟɫˈ ʉǩƁȅƟʉ Ɓȴɻʉɻ ߽߾ ƌȴȋȋŒɫɻࡱ � ऻ߽ࠁ ȴǇ Œ ȋȴʉʉƟɫˈ
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�ϑϑϘΧРͮΓ˺ϫͮΧΗ cϺ˺Ϙ˺Ηϫ̺̺

ࡦ E[#Ɓʞʉ ƟƌǊƟɻ] = |B|/߿→ E[#ʞȣƁʞʉ ƟƌǊƟɻ]

ࡦ Pr[#ʞȣƁʞʉ ƟƌǊƟɻ ≥ |B|
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