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ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ

xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ

ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



ðϫϘ̺˺ΓͮΗ͞ �Ή͞ΧϘͮϫͩΓϡ

ࡦ �ŒɻɻǩʻƟȋˈ ȋȴȣǊ ɻʉɫƟŒȝ ȴǇ ƌŒʉŒ
xȣɻʉŒǊɫŒȝࡪ ɻƟŒɫƁǞ ɧʞƟɫǩƟɻࡪ ȣƟʉʿȴɫȅ ɠŒƁȅƟʉɻ
ˀ߾, ˀ߿, ˀࠀ, . . . , ˀȠ

ࡦ 5ŒʉŒ ǞŒɻ Ǌɫȴʿȣࡩ ʿƟ ƁŒȣࢪʉ ŒǇǇȴɫƌ ƟʻƟȣ ɻʉȴǩȣǊ ǩʉ

ࡦ Ƞ ǩȣɠʞʉɻࡪ ɻɠŒƁƟ
√
Ƞ; log߽߾ Ƞ; log Ƞ

ࡦ DǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊ ȴǇ ɻʉɫƟŒȝ

ࡦ �ȴɻʉȋˈ ɫŒȣƌȴȝǩ˔Ɵƌ ŒȋǊȴɫǩʉǞȝɻ



�ǩɻɻǩȣǊ £ʞȝŷƟɫ



�ͮϡϡͮΗ͞ £ϺΓ̜̺Ϙ

ࡦ ðʉɫƟŒȝ ƁȴȣʉŒǩȣɻ Ƞ ƌǩɻʉǩȣƁʉ ȣʞȝŷƟɫɻ ǩȣ ɫŒȣǊƟ
{߽, . . . ,Ƞ}

ࡦ æƟʉʞɫȣ ʉǞƟ ȴȣȋˈ ȝǩɻɻǩȣǊ ȣʞȝŷƟɫ

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

all but one
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ࡦ ðʉɫƟŒȝ ƁȴȣʉŒǩȣɻ Ƞ ƌǩɻʉǩȣƁʉ ȣʞȝŷƟɫɻ ǩȣ ɫŒȣǊƟ
{߽, . . . ,Ƞ}

ࡦ æƟʉʞɫȣ ʉǞƟ ȴȣȋˈ ȝǩɻɻǩȣǊ ȣʞȝŷƟɫ

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

Could sont linear space
go through stream
many times
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ࡦ +ȴȝɠʞʉƟ ɻʞȝ ȴǇ Œȋȋ ƟȋƟȝƟȣʉɻ ǩȣ ɻʉɫƟŒȝࡩ

ɵ = ˀ߾ + . . . ˀȠ

ࡦ ðʞȝ ȴǇ Œȋȋ ȣʞȝŷƟɫɻ ǩȣ ɫŒȣǊƟ {߽, . . . ,Ƞ} ǩɻ
è = Ƞ(Ƞ+߾)

߿

ࡦ �ǩɻɻǩȣǊ ȣʞȝŷƟɫ ǩɻ è− ɵ = Ƞ(Ƞ+߾)
߿ − ɵ

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝࡪ ƟǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊࡪ
®(log Ƞ) ɻɠŒƁƟ
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0217456

Of laze t f CO 12 1 7 14 5 6

See element pure cess quickly one addition

Ochegn
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• Stream contains n � 1 distinct numbers in range
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• Return both missing numbers

• E�cient algorithm?
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Two Missing Elements

• Stream contains n � 1 distinct numbers in range

{0, . . . , n}

• Return both missing numbers

• E�cient algorithm?

s X t T Xun

S Otl t n

s s atb

Don't want to sort



Streaming Algorithm

• Compute sum and sum of squares of all elements

in stream:

s = x1 + . . . xn�1

t = x
2
1 + . . . x2n�1

• Sum of all numbers in range {0, . . . , n} is

S =
n(n+1)

2

Sum of squares of all numbers in range {0, . . . , n}
is T =

n(n+1)(2n+1)
6

sum ofinputs

sum of their squaws
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ࡦ xǇ ȝǩɻɻǩȣǊ ȣʞȝŷƟɫɻ ŒɫƟ Œ Œȣƌ Ŷࡪ ʉǞƟȣ

Œ+ Ŷ = è− ɵ
Œ߿ + Ŷ߿ = ó− ʂ

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝࡪ ƟǇ˨ƁǩƟȣʉ ɠɫȴƁƟɻɻǩȣǊࡪ
®(log Ƞ) ɻɠŒƁƟ

Ihnow we know

TYE mean

i

w.I I i'a m ae



U Atb Ihnen Usw

wn a.bg
Want to find a b

a _u b

w Cu b b

b ybty 0

I I know

Find b

D m2 Uw

b h hT
2

Two solutions are the two

missing els
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S x e 1Xu

F x t ten

This can he

generalized 9 a x e th

Kels are missing Sz x 2e ten

Sun Xie tink



�Œǽȴɫǩʉˈ DȋƟȝƟȣʉ
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ࡦ ðʉɫƟŒȝ ǞŒɻ ƟȋƟȝƟȣʉ ȴƁƁʞɫǩȣǊ > Ƞ/߿ ʉǩȝƟɻ

ࡦ `ǩȣƌ ǩʉ࡭

n length of stream
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ࡦ ðʉɫƟŒȝ ǞŒɻ ƟȋƟȝƟȣʉ ȴƁƁʞɫǩȣǊ > Ƞ/߿ ʉǩȝƟɻ

ࡦ `ǩȣƌ ǩʉ࡭
Sont Median

we can't afford glowing input
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ࡦ count← ߽; m←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ
ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя
ࡦ DȋɻƟ countϾϾ

ࡦ æƟʉʞɫȣ m

candidate for Maj

Null
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ࡦ count← ߽; m←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ

ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ
ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя
ࡦ DȋɻƟ countϾϾ

ࡦ æƟʉʞɫȣ m
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ࡦ count← ߽; m←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ

ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя
ࡦ DȋɻƟ countϾϾ

ࡦ æƟʉʞɫȣ m

iolate

y
new camel

count I
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ࡦ count← ߽; m←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ
ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя

ࡦ DȋɻƟ countϾϾ
ࡦ æƟʉʞɫȣ m

counter
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ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ
ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя
ࡦ DȋɻƟ countϾϾ

ࡦ æƟʉʞɫȣ m

Count c I

Xi f m
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ࡦ count← ߽; m←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ count = ࡪ߽ ʉǞƟȣ m← ˀǦ Œȣƌ
ࡦ DȋɻƟxǇ ˀǦ = mࡪ ʉǞƟȣ countяя
ࡦ DȋɻƟ countϾϾ

ࡦ æƟʉʞɫȣ m

two variables
1 pass
processes input els

efficiently

countey

L XIII



DР˺ΓϑΉ̺ n 7 Maj 2

X I 2 3 2 2 2 I

I I d r I 3 222,0

Return 2 me

count

I

O d

count 70



ßϘΧΧ͘Maj 2
i l 2 3 22 2 i variable count

this is only f on analysiscount

notion algorithm

count
L if m Maj tune Ma elf

I if m Maj

When I see Maj incnement count

Pneof if m Maj count it count't i

if mt Maj count count't 1 O

See Maj Z times count is incremented Z

In the end
count is decremented Iz

Into o count count 3 m Maj
output Maj
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E E E E E 2

Pains up distinct
els

kills all these pains

Remaining Els
ane Maj

Kajenity els remain
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ࡦ count߾, . . . , countȂ ← ߽; m߾, . . . ,mȂ ←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ ˀǦ = mǺࡪ ʉǞƟȣ countǺ яя
ࡦ DȋɻƟ

ࡦ �Ɵʉ countǺ ŷƟ ȝǩȣ ǩȣ count߾, . . . countȂ
ࡦ xǇ countǺ = ࡪ߽ ʉǞƟȣ mǺ = ˀǦ; countǺ = ߾
ࡦ DȋɻƟ count߾ ϾϾ, . . . , countȂ ϾϾ

ࡦ æƟʉʞɫȣ m߾, . . . ,mȂ

Assume there is Maj in stream
7 7 hz occurrences

Findit
without this assumption

we'll make two

passes thorough input
stn

candidate m

count how Fairy times
m appears in stream

fo k Hwytittes.fi es

that appear 7ha in the stream

Ek sachets Maj case k 2
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ࡦ count߾, . . . , countȂ ← ߽; m߾, . . . ,mȂ ←⊥

ࡦ `ȴɫ ƟŒƁǞ ƟȋƟȝƟȣʉ ˀǦ ȴǇ ðʉɫƟŒȝࡩ
ࡦ xǇ ˀǦ = mǺࡪ ʉǞƟȣ countǺ яя
ࡦ DȋɻƟ

ࡦ �Ɵʉ countǺ ŷƟ ȝǩȣ ǩȣ count߾, . . . countȂ
ࡦ xǇ countǺ = ࡪ߽ ʉǞƟȣ mǺ = ˀǦ; countǺ = ߾
ࡦ DȋɻƟ count߾ ϾϾ, . . . , countȂ ϾϾ

ࡦ æƟʉʞɫȣ m߾, . . . ,mȂ

O

contain all els of stream
that appear Vu times



�ɠɠɫȴˇǩȝŒʉƟ +ȴʞȣʉǩȣǊ



ࡦ æȴʞʉƟɫ ɫƟƁƟǩʻƟɻ ɻʉɫƟŒȝ ȴǇ ȣƟʉʿȴɫȅ ɠŒƁȅŒǊƟɻ

ࡦ īŒȣʉ ʉȴ Ɓȴʞȣʉ ȣʞȝŷƟɫ ȴǇ ɠŒƁȅŒǊƟɻ Ǉɫȴȝ
xß ′′ࠁ.ࠀ.߿.߾“

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

ࡦ DǇ˨ƁǩƟȣʉ ŒɠɠɫȴˇǩȝŒʉƟ ŒȋǊȴɫǩʉǞȝࡲ



ࡦ æȴʞʉƟɫ ɫƟƁƟǩʻƟɻ ɻʉɫƟŒȝ ȴǇ ȣƟʉʿȴɫȅ ɠŒƁȅŒǊƟɻ

ࡦ īŒȣʉ ʉȴ Ɓȴʞȣʉ ȣʞȝŷƟɫ ȴǇ ɠŒƁȅŒǊƟɻ Ǉɫȴȝ
xß ′′ࠁ.ࠀ.߿.߾“

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

ࡦ DǇ˨ƁǩƟȣʉ ŒɠɠɫȴˇǩȝŒʉƟ ŒȋǊȴɫǩʉǞȝࡲ

11
2 2.2 ln

EQ 1.2 3.4 1.2 3.4

sn of them in the stream

output length of
the stream



ࡦ æȴʞʉƟɫ ɫƟƁƟǩʻƟɻ ɻʉɫƟŒȝ ȴǇ ȣƟʉʿȴɫȅ ɠŒƁȅŒǊƟɻ

ࡦ īŒȣʉ ʉȴ Ɓȴʞȣʉ ȣʞȝŷƟɫ ȴǇ ɠŒƁȅŒǊƟɻ Ǉɫȴȝ
xß ′′ࠁ.ࠀ.߿.߾“

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

ࡦ DǇ˨ƁǩƟȣʉ ŒɠɠɫȴˇǩȝŒʉƟ ŒȋǊȴɫǩʉǞȝࡲ

count 0
See input count it

In the end counts stream
length

legtha bits



Can we use fewer than login kits

Input length
En

outputs c 0,12
n II

2 hits I
aIndistinct

If login hits different
2

ang wens

21922in

Floydhelp hits is optimal



ࡦ æȴʞʉƟɫ ɫƟƁƟǩʻƟɻ ɻʉɫƟŒȝ ȴǇ ȣƟʉʿȴɫȅ ɠŒƁȅŒǊƟɻ

ࡦ īŒȣʉ ʉȴ Ɓȴʞȣʉ ȣʞȝŷƟɫ ȴǇ ɠŒƁȅŒǊƟɻ Ǉɫȴȝ
xß ′′ࠁ.ࠀ.߿.߾“

ࡦ DǇ˨ƁǩƟȣʉ ŒȋǊȴɫǩʉǞȝࡲ

ࡦ DǇ˨ƁǩƟȣʉ ŒɠɠɫȴˇǩȝŒʉƟ ŒȋǊȴɫǩʉǞȝࡲ

loglogin exponentially better
than previous I



´Ж̺ϘЖ̺ͮЙ
Trivial alg stones n

1n M7t login

what if instead of stoning n in binary

I'm stoning the length of n in binary

Instead of stoning
147 I'd stone numbers

I

Instead of Lagu tobit to unite 1 in

stone In bits to write 1 log's

If length 4 Then

81 10 8 en El 5

151M11 zlengtaI n z
length
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ࡦ ƀ← ߽
ࡦ īǞƟȣ ɻƟƟ ȣƟˇʉ ƟȋƟȝƟȣʉࡩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߾
ƀ߿ ǩȣƁɫƟȝƟȣʉ ĩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ −߾ ߾
ƀ߿ ƌȴ ȣȴʉǞǩȣǊ

ࡦ æƟʉʞɫȣ ƀ߿ − ߾

C length of n in binary

n
When should incuement

e

I want to increment
c often seeing

new els

Now see new et
w p Ia Ctt

w p I Ee dont update
c

After seeing Eels I expect to
increment

c once
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ࡦ ƀ← ߽

ࡦ īǞƟȣ ɻƟƟ ȣƟˇʉ ƟȋƟȝƟȣʉࡩ
ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߾

ƀ߿ ǩȣƁɫƟȝƟȣʉ ĩ
ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ −߾ ߾

ƀ߿ ƌȴ ȣȴʉǞǩȣǊ
ࡦ æƟʉʞɫȣ ƀ߿ − ߾

h D

zC_l n
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ࡦ ƀ← ߽
ࡦ īǞƟȣ ɻƟƟ ȣƟˇʉ ƟȋƟȝƟȣʉࡩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߾
ƀ߿ ǩȣƁɫƟȝƟȣʉ ĩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ −߾ ߾
ƀ߿ ƌȴ ȣȴʉǞǩȣǊ

ࡦ æƟʉʞɫȣ ƀ߿ − ߾

e
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ࡦ ƀ← ߽
ࡦ īǞƟȣ ɻƟƟ ȣƟˇʉ ƟȋƟȝƟȣʉࡩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ ߾
ƀ߿ ǩȣƁɫƟȝƟȣʉ ĩ

ࡦ ʿǩʉǞ ɠɫȴŷŒŷǩȋǩʉˈ −߾ ߾
ƀ߿ ƌȴ ȣȴʉǞǩȣǊ

ࡦ æƟʉʞɫȣ ƀ߿ − ߾

he 2C I



ßϘΧ̜˺̜ͮΉͮϫС Χ͘ ðϺ̤̤̺ϡϡ

ࡦ E[ȴʞʉɠʞʉ] = Ƞ

ࡦ #ˈ �Œɫȅȴʻࢪɻࡪ Pr[ȴʞʉɠʞʉ ≥ [Ƞ߿ ≤ ߿/߾

ࡦ ðǩȝǩȋŒɫ ǩȣƟɧʞŒȋǩʉǩƟɻ ɻǞȴʿ ʉǞŒʉ
Pr[ȴʞʉɠʞʉ ∈ [Ƞ− ®(Ƞ),Ƞ+ ®(Ƞ)] ≥ ࠆ.߽

ࡦ �ǊŒǩȣࡪ ɫƟɠƟŒʉǩȣǊ �ȋǊȴɫǩʉǞȝ ɻƟʻƟɫŒȋ ʉǩȝƟɻ
ɻǩǊȣǩ˨ƁŒȣʉȋˈ Œȝɠȋǩ˨Ɵɻ ɠɫȴŷŒŷǩȋǩʉˈ ȴǇ ɻʞƁƁƟɻɻ

Thin
D

Manhours
EEIntant 5h t

l Manhouis ing PREoutput
n 061 n1014 e

0.9

2 Amplify prob of success by
repeating

this alg Terenal tines

Pr output EE 2n 0.0
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ࡦ E[ȴʞʉɠʞʉ] = Ƞ

ࡦ #ˈ �Œɫȅȴʻࢪɻࡪ Pr[ȴʞʉɠʞʉ ≥ [Ƞ߿ ≤ ߿/߾

ࡦ ðǩȝǩȋŒɫ ǩȣƟɧʞŒȋǩʉǩƟɻ ɻǞȴʿ ʉǞŒʉ
Pr[ȴʞʉɠʞʉ ∈ [Ƞ− ®(Ƞ),Ƞ+ ®(Ƞ)] ≥ ࠆ.߽

ࡦ �ǊŒǩȣࡪ ɫƟɠƟŒʉǩȣǊ �ȋǊȴɫǩʉǞȝ ɻƟʻƟɫŒȋ ʉǩȝƟɻ
ɻǩǊȣǩ˨ƁŒȣʉȋˈ Œȝɠȋǩ˨Ɵɻ ɠɫȴŷŒŷǩȋǩʉˈ ȴǇ ɻʞƁƁƟɻɻ
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ࡦ E[ȴʞʉɠʞʉ] = Ƞ

ࡦ #ˈ �Œɫȅȴʻࢪɻࡪ Pr[ȴʞʉɠʞʉ ≥ [Ƞ߿ ≤ ߿/߾

ࡦ ðǩȝǩȋŒɫ ǩȣƟɧʞŒȋǩʉǩƟɻ ɻǞȴʿ ʉǞŒʉ
Pr[ȴʞʉɠʞʉ ∈ [Ƞ− ®(Ƞ),Ƞ+ ®(Ƞ)] ≥ ࠆ.߽

ࡦ �ǊŒǩȣࡪ ɫƟɠƟŒʉǩȣǊ �ȋǊȴɫǩʉǞȝ ɻƟʻƟɫŒȋ ʉǩȝƟɻ
ɻǩǊȣǩ˨ƁŒȣʉȋˈ Œȝɠȋǩ˨Ɵɻ ɠɫȴŷŒŷǩȋǩʉˈ ȴǇ ɻʞƁƁƟɻɻ



ßϘΧ̜˺̜ͮΉͮϫС Χ͘ ðϺ̤̤̺ϡϡ

ࡦ E[ȴʞʉɠʞʉ] = Ƞ

ࡦ #ˈ �Œɫȅȴʻࢪɻࡪ Pr[ȴʞʉɠʞʉ ≥ [Ƞ߿ ≤ ߿/߾

ࡦ ðǩȝǩȋŒɫ ǩȣƟɧʞŒȋǩʉǩƟɻ ɻǞȴʿ ʉǞŒʉ
Pr[ȴʞʉɠʞʉ ∈ [Ƞ− ®(Ƞ),Ƞ+ ®(Ƞ)] ≥ ࠆ.߽

ࡦ �ǊŒǩȣࡪ ɫƟɠƟŒʉǩȣǊ �ȋǊȴɫǩʉǞȝ ɻƟʻƟɫŒȋ ʉǩȝƟɻ
ɻǩǊȣǩ˨ƁŒȣʉȋˈ Œȝɠȋǩ˨Ɵɻ ɠɫȴŷŒŷǩȋǩʉˈ ȴǇ ɻʞƁƁƟɻɻ



ðϺΓΓ˺ϘС

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝ ȝŒˈ ŷƟ ɻʞǇ˨ƁǩƟȣʉ

ࡦ ċɻƟ æŒȣƌȴȝȣƟɻɻ Œȣƌ �ɠɠɫȴˇǩȝŒʉǩȴȣ

ࡦ �Œɫȅȴʻࢪɻ ǩȣƟɧŒʞȋǩʉˈࡩ Ǉɫȴȝ DˇɠƟƁʉŒʉǩȴȣ ʉȴ
ßɫȴŷŒŷǩȋǩʉˈ

ࡦ �ȝɠȋǩǇˈ ɠɫȴŷŒŷǩȋǩʉˈ ŷˈ æƟɠƟʉǩʉǩȴȣɻ



ðϺΓΓ˺ϘС

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝ ȝŒˈ ŷƟ ɻʞǇ˨ƁǩƟȣʉ

ࡦ ċɻƟ æŒȣƌȴȝȣƟɻɻ Œȣƌ �ɠɠɫȴˇǩȝŒʉǩȴȣ

ࡦ �Œɫȅȴʻࢪɻ ǩȣƟɧŒʞȋǩʉˈࡩ Ǉɫȴȝ DˇɠƟƁʉŒʉǩȴȣ ʉȴ
ßɫȴŷŒŷǩȋǩʉˈ

ࡦ �ȝɠȋǩǇˈ ɠɫȴŷŒŷǩȋǩʉˈ ŷˈ æƟɠƟʉǩʉǩȴȣɻ



ðϺΓΓ˺ϘС

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝ ȝŒˈ ŷƟ ɻʞǇ˨ƁǩƟȣʉ

ࡦ ċɻƟ æŒȣƌȴȝȣƟɻɻ Œȣƌ �ɠɠɫȴˇǩȝŒʉǩȴȣ

ࡦ �Œɫȅȴʻࢪɻ ǩȣƟɧŒʞȋǩʉˈࡩ Ǉɫȴȝ DˇɠƟƁʉŒʉǩȴȣ ʉȴ
ßɫȴŷŒŷǩȋǩʉˈ

ࡦ �ȝɠȋǩǇˈ ɠɫȴŷŒŷǩȋǩʉˈ ŷˈ æƟɠƟʉǩʉǩȴȣɻ



ðϺΓΓ˺ϘС

ࡦ ´ȣƟ ɠŒɻɻ ʉǞɫȴʞǊǞ ɻʉɫƟŒȝ ȝŒˈ ŷƟ ɻʞǇ˨ƁǩƟȣʉ

ࡦ ċɻƟ æŒȣƌȴȝȣƟɻɻ Œȣƌ �ɠɠɫȴˇǩȝŒʉǩȴȣ

ࡦ �Œɫȅȴʻࢪɻ ǩȣƟɧŒʞȋǩʉˈࡩ Ǉɫȴȝ DˇɠƟƁʉŒʉǩȴȣ ʉȴ
ßɫȴŷŒŷǩȋǩʉˈ

ࡦ �ȝɠȋǩǇˈ ɠɫȴŷŒŷǩȋǩʉˈ ŷˈ æƟɠƟʉǩʉǩȴȣɻ
Fox Cat


