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STATIC DATA STRUCTURES. EXAMPLES

- Graph Distances: Preprocess a road network in
order to efficiently compute distances
between cities

(Google Maps)

- Nearest Nejghbors: Preprocess a set of points
In order to efficiently find closest point to a
query point

(Netflix recommendations)

- Range Counting: Preprocess a set of points in
order to efficiently compute the number of

points in a given rectangle ’l/ |
(Amazon market size estimation) L
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mA 7W:g a —=n D) g‘ji‘":”m’
Q1 ...... q 2 ................................... qm/2 ............... ............... q m_1qm
?\ w
p1 ..... p2 ................... ps/z ...... p5_1p5
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dr Q2 dm/2 Am—1 dm
M w
p1 ..... pz ................... ps/z ...... ps_j%

Efficient DS: hbounde
S = npolylogn

t — pOIlegn ..........................................
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- s=n,t=n
- There exist problems requiring s ~ m or t ~ n

. Best known concrete lower bound [Sie89]:

tZQ( og M ) (og;TO(u,o..]

log(s/n)




DS LOWER BOUNDS

- Two trivial solutions:

- s=m,t="1

- S=n,t=n

- There exist problems requiring s ~ m ort ~n
. Best known concrete lower bound [Sie89]: -

£>Q log M
log(s/n)
we Love @n &p/ﬂc.‘o‘-
s =0(n) [= t>Q(logn) prebit (Say ECC)
i — M eveny DS Leld
uses {‘aoan Space ¢z0(u)

margd  Lge -g.,,ﬂugq)




DS LOWER BOUNDS

- Two trivial solutions:
- s=m,t="1

- S=n,t=n
- There exist problems requiring s ~ m ort ~n

. Best known concrete lower bound [Sie89]:

20 (7]

- s=0(n) = t=>Q(logn)

cs=n"t — > Q1) — trivia \
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- ninputs, m = O(n) outputs

F
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CIRCUIT LOWER BOUNDS

- ninputs, m = O(n) outputs

- O(n) size, O(log n)ie’pm_
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CIRCUITS PICTORIALLY

1
compuited by such & depfh-2 ot =D F nequiats
w -¢r2e  clbts OPWawfu\-Jﬂd%



COMPARISON

S | perthen s ¢
g1 Qg C]m/z dm—1 dm '.né;"d“’k

DS I

Chts
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- A linear circuit computes Mx for input x € F"
where M € M7

- For a circuit of size O(n) and depth O(log n),

mxn en x n A S P . f..’.‘.i

m X n m X en
M=A+C-D LRI
W



LINEAR CIRCUITS

- A linear circuit computes Mx for input x € F"
where M € M7

- For a circuit of size O(n) and depth O(Iog n)

m x n Dxn
mxn m x €D

M=A+5D L terend)
SParse  wu(Ch) ¢fe




LINEAR CIRCUITS

- A linear circuit computes Mx for input x € F"
where M € M7

- For a circuit of size O(n) and depth O(log n),

m X n en X n U S Gn1 Gn :
m x n m X en
M=A+C-D=A+B 1P P P s
\ / ’ | W

sparse sparse ‘
low-rank



LINEAR CIRCUITS

- A linear circuit computes Mx for input x € F"

where M e Fm*" quﬁr;.]
- For a circuit of size O(n) and depth O(Iog n)

sparse sparse ‘ X
ow-rank  Todey, {-spane memns
- M e F™M s (en, t)-rigid Iff
—

M #£ A +(B
/ 7 +D\
t-sparse rk <en

ﬂad-fr‘«?' l“)
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- A linear DS computes Mx for input x € F"
where M € M7

peIx, TeF
A"Wh,ﬂu}

p=S-x géfsm

,{_*MK
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LINEAR DATA STRUCTURES

- A linear DS computes Mx for input x € "
where M € FmM~"

G q Ay Gn-1q
mx n e sxyffm:&.,uﬂs M ...... P\ ......... t
M=A-B 0% “Mategig P P P P P
ﬁp of oulynfs o wmuj cdl} e

{-S"wﬂu



LINEAR DATA STRUCTURES
:hloa
g =N ’u{'i"‘fﬁ"

- A linear DS computes Mx for input x € F"
where M € M7

gr g my q q
mee Yt\ P\ ;
m X n S Xn T T S A T T A .
m

AR _ .
t-sparsg smally N e e

Misan noa
% ‘s aun n,wl,.’u‘myn a Fp X
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COMPARISON

Small circuit / Non-rigid
x = Mx

Efficient Data Structure

m XS
m X n S Xn

M=A-B
t-sparse small



DS and Rigidity



RIGIDITY LEMMA ,‘D
Llemma gu(M=n he
If M'e FZXR js not (en, t)-rigid, then A € FIXI

s.t. Als t-sparse, and
dim(Col(A) N Col(M)) > n(1 — 2¢).

—_— T T




RIGIDITY LEMMA

Lemma
If M € F™*" s not (en, t)-rigid, then JA € FM*"

s.t. Ais t-sparse, and
dim(Col(A) N Col(M)) > n(1 — 2¢).

Proof.

M=A+B
i ~~
t-sparse rk <en



RIGIDITY LEMMA

Lemma

lfM ~ Fan IS , then EIA ) men
st Als and

Proof.

@:/A—l—8\ L GFme ker( ) Col( )

t-sparse rk <en Cd[”) MC lFM
o ke gy PF z.,,,L lF"—acF“

-c.., 2o —heus of F™ L(M>-0
L(e).zLlea)=0 L0 i « &Y

"n _—




RIGIDITY LEMMA

Lemma

IfMeF™"is , then 3A € F™*"
st Als _and

Proof.

I'm —A+8_ LeFmn fer(] = Col(M)

t-sparse rk <en 0 —LA+LB LA—"‘LB
IM =LA+ LB




RIGIDITY LEMMA

Lemma
If M e F™*" |s not (en, t)-rigid, then JA € FM*"

s.t. As t-sparse, and
dim(Col(A) N Col(M)) > n(1 — 2¢).

Proof.

M=A+18 L € F™M ker(L) = Col(M
A48 (L) = Col(M)

t-sparse rk <en
~——

[M=LA+LB = rk(LA) = rk(LB)_




RIGIDITY LEMMA

Lemma
If M e F™*" |s not (en, t)-rigid, then JA € FM*"

s.t. As t-sparse, and
dim(Col(A) N Col(M)) > n(1 — 2¢).

Proof.

M=A+B8B L € F™*M ker(L) = Col(M)
i ~~
t-sparse rk <en

[M=ILA+LB = rk(LA) = rk(LB) < en

——




RIGIDITY LEMMA
Lemma ek(M)zn

IfMeF™"is , then 3A € F™*"
st Als _and

Proof.

{m [ € F™M ker(L) = Col(M)

t-sparse rk <en, N

[M=LA+L(B = rk(LA) =rk(LB) <en
A=M-4

rk(A) > n —en wAi s gl + Rk(LA)'s Low




RIGIDITY LEMMA

Lemma

IfMeF"" s ~then JA € FM*"
st Als rse, and

Proof. Eond A

M=A+8B L € F™*M ker(L) =JCol(M)

[M =LA+ LB = rk(LA)=

S

€

\

rk(A) > n—gn__=

dim (Col(A m-) >n(1-2) O



DS AND RIGIDITY

Theorem
Every M € ™"
><gither is computable by a DS with' s = (14 ¢)n and t,
— D 4
-por it contains a submatrix M’ € TF™" which is

(en’, —=)-rigid.

DS LB foe M => rigid M
D LB =7 wel

M LB => Cet LB
Lalen, ChL LB => DSLD




DS AND RIGIDITY

Theorem
Every M € ™"
- either is computable by a DS with s = (1+¢)n and t,
- or it contains a submatrix M’ € F™" which is
(e, 1ogm)-rigid. 4/;\

TF Mu ru‘z,'d’ -Hnlu weint Jgu
Proof. n g g ot riged
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Theorem
Every M € ™"
- either is computable by a DS with s = (1+¢)n and t,

- or it contains a submatrix M’ ¢ TF™" which is
, t . .
(en’, ogr)-rigid.

Proof. n n

m-< M m-< A
t-sparse
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Theorem
Every M € Fm>"
- either is computable by a DS with s = (1+¢)n and t,

. or it contains a submatrix M’ € TF™" which is
, t . .
(en’, ogr)-rigid.

Proof. . n
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DS AND RIGIDITY

Theorem
Every M € Fm>"

Proof. n

p

- or It contains a submatrix M’

(e, 1ogm)-rigid.

S

- either is computable by a DS with s = (1+¢)n and t,

Fm>n" which is



DS AND RIGIDITY

Theorem =7 DSLY => Cut LA

Every M € ™"
- either is computable by a DS with s = (1+¢)n and t,

- or [t contains a submatrix M’ € TF™<" which is

(sn’,@-rigid. 4’\
Proof. n IF M g pipd — woune done
P MM, well Fead au
"'L/ efSreienk NS }W\ 3oy, ofﬂ'
—T— Recurse
Aftor ogu slegs L'l hove
0:3% SF DG fou ol pents of M [
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PATURI-PUDLAK DIMENSIONS

- MeF™" teN.

w B of cos in® Ipmnc covause
P go-suatig M.
DM(B = min{s: 3A € F"*°,

A Is t-sparse, Col(M) C Col(A)} .

’-\,HOw ““"“‘j cols Iw
(Ce~ "OFMMQ SO
Lo ol space 1
M| Spens




PATURI-PUDLAK DIMENSIONS

- M e F™" t e N.
.- Quter dimension

—

Du(t) = min{s: A € T,
A Is t-sparse, Col(M) C Col(A

'l\'
. . ﬂ ( «c ), 9'%
- Inner dimension m , ¢

dm(t) = max{ dim(Col(M) N Col(A)): Samt si2¢ 23 A
Ae ™" Als t- sparse}.




PATURI-PUDLAK DIMENSIONS
Livean pfoh‘ms) DS, et

M e F™" is computable by (s, t) DS

— 3unll DS c;>a/
Du(t) <'s. Sell out. diu,

—




PATURI-PUDLAK DIMENSIONS

M e F™" is computable by (s, t) DS
\/ =
D/\/,(t) <\S .

M e F"™"is (en, t)-strongly rigid
b‘f:‘l welnix =

Z Snal] 'euee ooy

I

/



PP DIM INEQUALITIES

Theorem

Dm(t) > (1 +5)n1 — dw (Ioéﬂ) <n(1—e).

s

DS Lg => nigidify LB



PP DIM INEQUALITIES

Theorem

Dm(t)2(1—|—€)n — d/\/,/( : )Sn(1—€).

log N

DS LB => frondiy LB

Lemma

Du(t) + du(t) > 2n .

W} Den-k =2
d? n+k

12’5""“") (g = DS Ln




PP DIM INEQUALITIES

Theorem
Du(t) > (1+e)n = dw (Ioéﬂ) < n(1—e).
Lemma
Du(t) + dm(t) > 2n.
Lemma

M e FOMXN Du(n®) > (14+e)n =
M doesn't have O(n) size O(logn) depth ckts.



DS IMPLIES RIGIDITY

Theorem

t
log N

Du(t) > (1+e)n = dM,< ) <n(1—¢).
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t
log N

Du(t) > (14+¢e)n = dM/< >§n(1—5).

Corollary

. Any DS lower bound of t > w(log”n) for s =
(1+e)n would imply a new rigidity bound for
rectangular matrices.



DS IMPLIES RIGIDITY
Theorem

t
log N

Du(t) > (14+¢e)n = dM/< >§n(1—5).

Corollary

. Any DS lower bound of t > w(log”n) for s =
(1+e)n would imply a new rigidity bound for
rectangular matrices.

. Any DS lower bound of t > Q(log>" n) for
s = (1+e)nwould imply a new rigidity bound
for square matrices with r = o(n).
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RIGIDITY IMPLIES DS
Lemma

Din(t) + dm(t) > 2n.

Proof.

M € Fmx" A € Fmxbu®) Col(M) C Col(A)



RIGIDITY IMPLIES DS

Lemma
Du(t) + du(t) > 2n.
Proof.
M € Fmxn A € F™<Pu®) Col(M) C Col(A)

B € FM*" - the first n columns of A
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Lemma
Du(t) + du(t) > 2n.
Proof.
M € Fmxn A € F™<Pu®) Col(M) C Col(A)

B € F™*" - the first n columns of A
Du(t) = dim(Col(A)) > dim(Col(B) + Col(M))
= dim(Col(B)) + dim(Col(M)) — dim(Col(B) N Col(M))



RIGIDITY IMPLIES DS

Lemma
Du(t) + du(t) > 2n.
Proof.
M € Fmxn A € F™<Pu®) Col(M) C Col(A)

B € F™*" - the first n columns of A
Du(t) = dim(Col(A)) > dim(Col(B) + Col(M))
= dim(Col(B)) + dim(Col(M)) — dim(Col(B) N Col(M))
= 2n — du(1).



RIGIDITY IMPLIES DS
Lemma

Du(t) + du(t) > 2.

Corollary

An (en,t)-strongly rigid matrix would imply
a DS lower bound of s = (1+¢)n and t.
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M doesn't have O(n) size O(logn) depth ckts.
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STRONG DS LB IMmPLY CIRCUIT LB

Lemma
M € FOMXN Du(n®) > (1+e)n =
M doesn't have O(n) size O(logn) depth ckts.

Proof.
Circuit of size O(n) and depth O(log n), ﬁ """"""" @\
M:A+C'D XX unO.L-J.ne Xn—1 Xp &
N/

sparse



STRONG DS LB IMmPLY CIRCUIT LB

Lemma
M € FOMXN Du(n®) > (1+e)n =
M doesn't have O(n) size O(logn) depth ckts.

Proof.

Circuit of size O(n) and depth O(log n), ﬁ """"""" ﬂ@\
M=A+C-D R e g I

N/

sparse

Col(M) C Col(A) U Col(C)




STRONG DS LB IMmPLY CIRCUIT LB

Lemma
M € FOMXN Du(n®) > (1+e)n =
M doesn't have O(n) size O(logn) depth ckts.

Proof.

Circuit of size O(n) and depth O(log n), ﬁ """"""" ﬂ@\
M=A+C-D R e g I

N/

sparse

Col(M) C Col(A) U Col(C)




STRONG DS LB IMmPLY CIRCUIT LB

Lemma
M € FOMXN Du(n®) > (1+e)n =
M doesn't have O(n) size O(logn) depth ckts.

Corollary

A lower bound of s ~ m for t = n® would imply
a super-linear circuit lower bound.
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- Any DS lower bound of t > w(log” n) for s = (1 + &)n
/ would imply a new rigidity bound for rectangular
matrices.
- Any DS lower bound of t > Q(log’** n) for

|

o | s =(14+¢)n would imply a new rigidity bound for
\'h‘::; square matrices with r = o(n).

kmeen | - An (en, t)-strongly rigid matrix would imply a DS
L.(";% lower bound of s = (14 ¢)n and t.

(V| .
1\ * A DS lower bound of s =& m for t = n* would imply a
A'm’ super-linear circuit lower bound.

tl»w,)w L . Ce . .

Son Any improvement on rigidity for the regime r = o(n)
o~ oF \ \would lead to a new succinct DS lower bound where
e puan!
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ROW TO GLOBAL RIGIDITY
Theorem
Let E € F™*M be a g-query LDC. If M € F™*" s
(r,t)-rigid, then N = EM € F™*" s
(r,tm’ - ﬁ)—globally rigid.

N n
i q [GKST,DS]
M md | N = EM
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