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RIGIDITY OF HADAMARD

We'll show that RE(r) >  for every r < n/2.
Forr>n/2,RE(r) < O(n).

Problem 4 (Hadamard is not rigid for high rank). Let N = 2", and Hy € RV*" be the Walsh-Hadamard
matrix defined as follows.
1 1
Hy = (1 —1) ’

Hy (HN/z HN/z)
Hy/;o —Hyp)w

In particular, Hy = ngn, where ® denotes the Kronecker product.
In this exercise, we will prove that Hy has low rigidity for rank » > N/2. Namely, R][;IN (N/2) < N.

e Let A € RN*N have eigenvalues ), ..., A\y. Find the eigenvalues of A —c- Iy for c € R.
e Prove that if A € R¥*Y has an eigenvalue of multiplicity k, then
RE(N —k) < N.

e Finally, prove that
R
Riy(N/2) < N.
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We'll show that Ri(r) > & for every r < n/2.

Forr>n/2, Ri(r) < O(n).

Problem 4 (Hadamard is not rigid for high rank). Let N = 2", and Hy € RV*" be the Walsh-Hadamard
matrix defined as follows.
1 1
H2 = (1 _1> )

Hy/e  Hnyyo )
Hy = .
N (HN/2 —Hyyy

In particular, Hy = Hien, where ® denotes the Kronecker product.
In this exercise, we will prove that Hy has low rigidity for rank » > N/2. Namely, R][;IN (N/2) < N.

e Let A € RN*N have eigenvalues Ay, ..., An. Find the eigenvalues of A —c¢- Iy for c € R.

e Prove that if A € R¥*Y has an eigenvalue of multiplicity k, then
RE(N —k) < N.

e Finally, prove that
R
Riy(N/2) < N.

Later in the course we'll prove that H Is not
rigid for any r = O(n).



HOMEWORK 1. PROBLEM 5

Let M € C™" R = min(m, n), r = rank(M),
012> ...20,>0m1=...=0,=0
be the singular values of M. Then
e N e o\ 12
Ml = (SIS M) = (Se?)
- [[M]l2 = on.

- If M"Is a submatrix of M, then ¢;(M") < gi(M).
In particular, |[M'||, < |[M]],.




RANK OF HADAMARD'S SUBMATRICES

Lemma

For any submatrix H € C%*? of Hadamard
H e (CNXN’
rank(H") > ab/N .
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Let M € C™" kR = min(m,n), r = rank(M), Lemma
For any submatrix H € C%*® of Hadamard
o> ...>20>04=...=0,=0
H e CNXN
ol , ’

be the singular values of M. Then rank(H') > ab/N.
m wn 1/2 1/2 —
Ce)- ) :(zqzm ) = (5ho)” —
(2) M2 =
(3) F'is s bmt' of M, then o;(M') < o;(M).
In particular, [|M']; < H/V'H
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LOWER BOUND FOR HADAMARD

Theorem

Let H € CN*N be the Hadamard matrix. For
every r < N/2,



Theorem H - L&S

Let H € CN*N be the Hadamard matrix. For
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- Moderately rigid matrices imply super-linear
circuit lower bounds

- A random matrix is extremely rigid

- Construct rigid matrices non-explicitly (using
randomness or large entries or
super-exponential time)

- Construct explicit matrices with rigidity = log 7
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- We will see semi-explicit constructions of rigid
matrices
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- We will see semi-explicit constructions of rigid

matrices "
. n' hadon
- Use fewer bits of randomness " |
n
2 D“ we(
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- We will see semi-explicit constructions of rigid
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- Use fewer algebraically independent/large
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OVERVIEW OF PART 2

- We will see semi-explicit constructions of rigid
matrices

- Use fewer bits of randomness

- Use fewer algebraically independent/large
entries

- Use faster super-exponential algorithms Zf("ﬂ
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PROBABILISTIC METHOD

- A non-rigid matrix has structure:

<
B A
A= ‘( a Ary = Ay B Ar
Ax A2 _
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PROBABILISTIC METHOD

- A non-rigid matrix has structure:

B A _

- A random matrix does not have structure

- Hence, a random matrix is rigid



PROBABILISTIC METHOD. EXAMPLE

Theorem

There exists a graph on n = 2%/2=" vertices

without cligues and independent sets of
size k. (R(R, R) > 2f/>71)
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ALGEBRAIC INDEPENDENCE

- A non-rigid matrix satisfies a system of
rational equations:

B A -
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- A non-rigid matrix satisfies a system of
rational equations:

B A _

- Algebraically independent entries do not
satisfy rational equations

- Hence, a matrix with algebraically
independent entries is rigid



ALGEBRAIC INDEPENDENCE

- A non-rigid matrix satisfies a system of
rational equations:

B A B
- Algebraically independent entries do not
satisfy rational equations f B s

L . e ,¢ /e -
-+ Hence, a matrix with algebraically

independent entries is rigid
- Lindemann-Welerstrass Theorem gives a
simple way to construct such matrices



LINDEMANN-WEIERSTRASS. EXAMPLE
x*22
X € Cis algebraic if it is a root of a non-zero 2 ax
polynomial with rational coefficients.
Non-algebraic numebrs are called

transcendental.
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x € Cis algebraicif it1s a root of a non-zero
polynomial with rational coefficients.
Non-algebraic numebrs are called
transcendental. "

Theorem (Lindemann-Weierstrass)

If X1,...Xn are algebraic numbers that are
linearly independent over Q, then g, ..., e
are algebraically independent over Q.



LINDEMANN—-WEIERSTRASS. EXAMPLE

x € Cis algebraicif it1s a root of a non-zero
polynomial with rational coefficients.
Non-algebraic numebrs are called
transcendental.

Theorem (Lindemann-Weierstrass)

If X1,...Xn are algebraic numbers that are
linearly independent over Q, then e, ... e*
are algebraically independent over Q.

Corollary
e, are transcendental.



t lm J‘wa’ vo
143 msg G

€0
O:L f% vw-l-elf nd: (U2) ‘H{\EB

LW {e s a’g ted,
4

N

N Ies
n ig %Mns Euler - e :—°'

Theorem (Lindemann-Weierstrass)

If X1,...Xn are algebraic numbers that are
over Q, then e”, ..., e

are over Q.
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